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MONOTONICITY FORMULAS OF EIGENVALUES AND
ENERGY FUNCTIONALS ALONG THE RESCALED LIST’S
EXTENDED RICCI FLOW
GUANGYUE HUANG AND ZHI LI
Abstract. In this paper, we study monotonicity formulas of eigenval-
ues and entropies along the rescaled List’s extended Ricci flow. We
derive some monotonicity formulas of eigenvalues of Laplacian which
generalize those of Li in [8] and Cao-Hou-Ling in [3]. Moreover, we also
consider monotonicity formulas of Fk-functional which can be seen as
a generalized F-functional corresponding with steady Ricci breathers,
and Wk-functional which generalizes W-functional corresponding with
expanding Ricci breathers.
1. Introduction
Let (Mn, g(t)) be a compact Riemannian manifold, g(t) be a solution to
the following List’s extended Ricci flow which was introduced by B. List:{
∂
∂t
g = −2Ric + 2αdϕ ⊗ dϕ,
ϕt = ∆ϕ,
(1.1)
where α > 0 is a real constant, ϕ = ϕ(t) is a smooth scalar function defined
on Mn and ∆ denotes the Laplacian given by g(t). When α = 2 and
α = n−1
n−2 , the extended Ricci flow (1.1) have been studied by List in [6]
and [7], respectively. Denote by Sij = Rij − αϕiϕj a symmetric two-tensor.
Then (1.1) becomes {
∂
∂t
gij = −2Sij,
ϕt = ∆ϕ.
(1.2)
In this paper, we consider the following rescaled List’s extended Ricci flow{
∂
∂t
gij = −2(Sij −
r
n
gij),
ϕt = ∆ϕ,
(1.3)
where r = r(t) is a function depending only on t. In particular, (1.2) can
be seen as a special case of (1.3) when r = 0. On the other hand, if r(t) =
(
∫
M
S dv)/(
∫
M
dv) (that is, r is the average value of S), then (1.3) can be
seen as the extended Hamilton normalized flow under the List’s extended
Ricci flow. Here
S = gijSij = R− α|∇ϕ|
2 (1.4)
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is the trace of the two-tensor Sij. For a constant k ≥ 1, we defined the
Fk-functional as follows
Fk =
∫
M
(|∇f |2 + kS) e−fdv. (1.5)
If we define
λ(g) = inf
f
Fk, (1.6)
where the infimum is taken over all smooth function f which satisfies∫
M
e−f dv = 1, (1.7)
then the nondecreasing of the Fk-functional implies the nondecreasing of
λ(g). In particular, λ(g) defined in (1.6) is the lowest eigenvalue of the
operator −4∆+kS. In the first part, we consider eigenvalues of the operator
−∆+ bS (1.8)
with b a constant. For b = 0, we first derive the following evolution equation
of eigenvalues on Laplacian under the rescaled List’s extended Ricci flow
(1.3). That is, we obtain
Theorem 1.1. Let λ−∆(t) be the eigenvalue of the operator −∆ correspond-
ing to the normalized eigenfunction u, that is,
−∆u = λ−∆u,
∫
M
u2 dv = 1.
Then under the rescaled List’s extended Ricci flow (1.3),
d
dt
λ−∆ =−
2r
n
λ−∆ +
∫
M
(
λ−∆Su2 − S|∇u|2 + 2Sijuiuj
)
dv. (1.9)
Theorem 1.2. Let λ−∆+
1
2
S(t) be the eigenvalue of the operator −∆ + 12S
corresponding to the normalized eigenfunction u, that is,
(−∆+
1
2
S)u = λ−∆+
1
2
Su,
∫
M
u2 dv = 1.
Then under the rescaled List’s extended Ricci flow (1.3),
d
dt
λ−∆+
1
2
S =−
2r
n
λ−∆+
1
2
S +
∫
M
[
|Sij |
2u2 + 2Sijuiuj + α(∆ϕ)
2u2
]
dv.
(1.10)
MONOTONICITY FORMULAS OF EIGENVALUES AND ENERGY FUNCTIONALS 3
Moreover, if Sij(t) ≥ 0 for all t, the eigenvalues of the operator −∆ +
1
2S
satisfy
d
dt
(
λ−∆+
1
2
Se
2
n
∫
t
0
r(s) ds
)
=e
2
n
∫
t
0
r(s) ds
{∫
M
[
|Sij|
2u2 + 2Sijuiuj
+ α(∆ϕ)2u2
]
dv
}
≥ 0
(1.11)
and λ−∆+
1
2
Se
2
n
∫
t
0
r(s) ds is nondecreasing under the rescaled List’s extended
Ricci flow (1.3). Furthermore, the monotonicity is strict unless the metric
is Ricci flat.
It is well-known that, under the List’s extended Ricci flow (1.2), the
nonnegativity of S is preserved. In this paper, we will prove that the non-
negativity of S is also preserved under the rescaled List’s extended Ricci
flow (1.3) for all r(t). That is,
Theorem 1.3. The nonnegativity of S is preserved under the rescaled List’s
extended Ricci flow (1.3).
In order to state the following results on eigenvalues, we first introduce
the following definition:
Smin(0) = min
x∈M
S(x, 0).
By virtue of Theorem 1.3, we prove the following
Theorem 1.4. Let (g(t), ϕ(t)) be a solution to the rescaled List’s extended
Ricci flow (1.3) with Sij(t) ≥ θgij(t) holding for some θ ≥
1
2 . Let λ
−∆(t) be
the eigenvalue of the operator −∆.
(1) If Smin(0) ≥ 0, then λ
−∆e
2
n
∫
t
0
r(s) ds is nondecreasing along the rescaled
List’s extended Ricci flow (1.3).
(2) For all t, we have
d
dt
ln
(
λ−∆e
2
n
∫
t
0
r(s) ds
)
≥ 2θx(t). (1.12)
Moreover, λ(t) has the lower bound
λ−∆(t)e
2
n
∫
t
0
r(s) ds ≥ λ(0)e2θ
∫
t
0
x(s) ds (1.13)
depending only on t, where
x(t) =
Smin(0)e
−
2
n
∫
t
0
r(s)ds
1− 2
n
Smin(0)
∫ t
0
(
e−
2
n
∫
s
0
r(s˜)ds˜
)
ds
.
In particular, for compact Riemannian surfaces, we obtain the following
consequences from Theorem 1.4:
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Corollary 1.5. Let (g(t), ϕ(t)) be a solution to the rescaled List’s extended
Ricci flow (1.3) on M2. Let λ−∆(t) be the eigenvalue of the operator −∆.
(i) If
Rij ≤ ǫuiuj ,
where ǫ ≤ 2α(θ−1)2θ−1 with θ >
1
2 , then the following holds:
(1) If Smin(0) ≥ 0, then λ
−∆e
∫
t
0
r(s) ds is nondecreasing along the rescaled
List’s extended Ricci flow (1.3).
(2) For all t, we have
d
dt
ln
(
λ−∆e
∫
t
0
r(s) ds
)
≥ 2θx(t). (1.14)
Moreover, λ(t) has the lower bound
λ−∆(t)e
∫
t
0
r(s) ds ≥ λ(0)e2θ
∫
t
0
x(s) ds, (1.15)
depending only on t, where
x(t) =
Smin(0)e
−
∫
t
0
r(s)ds
1− Smin(0)
∫ t
0
(
e−
∫
s
0
r(s˜)ds˜
)
ds
.
(ii) If |∇ϕ|2gij ≥ 2ϕiϕj , then the following holds:
(1) If Smin(0) ≥ 0, then λ
−∆e
∫
t
0
r(s) ds is nondecreasing along the rescaled
List’s extended Ricci flow (1.3).
(2) For all t, we have
d
dt
ln
(
λ−∆e
∫
t
0
r(s) ds
)
≥ x(t). (1.16)
Moreover, λ(t) has the lower bound
λ−∆(t)e
∫
t
0
r(s) ds ≥ λ(0)e
∫
t
0
x(s) ds (1.17)
depending only on t, where
x(t) =
Smin(0)e
−
∫
t
0
r(s)ds
1− Smin(0)
∫ t
0
(
e−
∫
s
0
r(s˜)ds˜
)
ds
.
Remark 1.1. It should be pointed out that for r = 0 and α = 2, our above
results on eigenvalues reduce to the corresponding results of Li in [8]. In
particular, our Theorem 1.3 is new.
Remark 1.2. Some related results for monotonicity formulas of eigenvalues
on Laplacian along the Ricci flow, we refer to [1,2,10] and among others [5]
for later development.
Next, we study monotonicity formulas of eigenvalues on Laplacian on
Riemannian surfaces. We obtain the following results:
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Theorem 1.6. Let λ−∆+bS(t) be the eigenvalue of the operator −∆ + bS
with normalized eigenfunction u on M2 with S(t) ≥ 0 holding for all t, that
is,
(−∆+ bS)u = λ−∆+bSu,
∫
M
u2 dv = 1.
Then if |∇ϕ|2gij ≥ 2ϕiϕj and 0 < b ≤
1
2 , we have
d
dt
(
λ−∆+bSe
∫
t
0
r(s) ds
)
≥e
∫
t
0
r(s) ds
{∫
M
{
2b2S2u2 + (1− 2b)λSu2 + 2bS|∇u|2
+ bα2|∇ϕ|4u2 + 2bα(∆ϕ)2u2]
}
dv
}
≥ 0.
(1.18)
We also obtain the following bounds for eigenvalues of the operator −∆+
bS on compact Riemannian surfaces.
Theorem 1.7. Let λ−∆+bS(t) be the eigenvalue of the operator −∆+ bS on
M2. If |∇ϕ|2gij ≥ 2ϕiϕj and 0 < b ≤
1
2 , we have
[1− tSmin(0)]λ −
b2S2min(0)
2
ln[1− tSmin(0)] (1.19)
is nondecreasing under the List’s extended Ricci flow (1.2). Moreover, λ(t)
has the lower bound
λ(t) ≥
1
1− tSmin(0)
λ(0) +
b2Smin(0)
2[1− tSmin(0)]
ln[1− tSmin(0)] (1.20)
depending only on t.
Theorem 1.8. Let λ−∆+bS(t) be the eigenvalue of the operator −∆ + bS
on M2 with r > 0 and Smin(0) > 0. If |∇ϕ|
2gij ≥ 2ϕiϕj and 0 < b ≤
1
2 , we
have
d
dt
(ln λ) ≥
Smin(0)e
−
∫
t
0
r(s)ds
1− Smin(0)
∫ t
0
(
e−
∫
s
0
r(s˜)ds˜
)
ds
− r (1.21)
under the rescaled List’s extended Ricci flow (1.3). Moreover, λ(t) has the
lower bound
λ(t) ≥ λ(0)e
∫
t
0
x˜(s) ds, (1.22)
depending only on t, where
x˜(t) =
Smin(0)e
−
∫
t
0
r(s)ds
1− Smin(0)
∫ t
0
(
e−
∫
s
0
r(s˜)ds˜
)
ds
− r.
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Remark 1.3. When r = 0, Theorem 1.6 becomes Theorem 1.6 of Cao-Hou-
Ling in [3]. When ϕ = 0 and r(t) = (
∫
M
Rdv)/(
∫
M
dv), our Theorems
1.7, 1.8 reduce to Theorem 3.4 and Theorem 3.3 of Cao-Hou-Ling in [3],
respectively.
In the rest of this paper, we consider monotonicity formulas of Fk-functional
which can be seen as a generalized F-functional corresponding with steady
Ricci breathers, and Wk-functional which can be seen as a generalized W-
functional corresponding with expanding Ricci breathers. Under the follow-
ing evolution equation

∂
∂t
gij = −2(Sij −
r
n
gij),
ϕt = ∆ϕ,
ft = −∆f + |∇f |
2 − S + r,
(1.23)
we proved the following results:
Theorem 1.9. Under the system (1.23), we have
d
dt
Fk =−
2r
n
Fk + 2(k − 1)
∫
M
(
|Sij |
2 + α(∆ϕ)2
)
e−fdv
+ 2
∫
M
(
|Sij + fij|
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv,
(1.24)
or equivalently,
d
dt
Fk =
2r
n
(Fk − kr) + 2(k − 1)
∫
M
(
|Sij −
r
n
gij |
2 + α(∆ϕ)2
)
e−fdv
+ 2
∫
M
(
|Sij + fij −
r
n
gij |
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv.
(1.25)
Remark 1.4. It was pointed out that for α = 2 and k = 1, List [6] and Mu¨ller
[11] studied the monotonicity of Fk-functional under the List’s extended
Ricci flow (1.2). Later, In [8], Li studied the monotonicity of Fk-functional
for α = 2 and all k ≥ 1 under (1.2). In particular, when ϕ = 0 and k = 1,
the Fk-functional (1.5) becomes the Perelman’s F-functional.
Applying (1.25) in Theorem 1.9, we can also obtain the following result:
Theorem 1.10. Let (Mn, g(t)) be a compact Riemannian manifold with
g(t) satisfying the rescaled List’s extended Ricci flow (1.3). We let λ(t) be
the lowest eigenvalue of the operator −4∆ + kS with k ≥ 1. If the average
value of S is nonnegative for all t, then λ(t) is nondecreasing along (1.3).
Moreover, the monotonicity is strict unless the metric is Einstein.
As a direct application of (1.24) in Theorem 1.9, we can obtain the fol-
lowing results:
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Corollary 1.11. Under the system (1.23) and k ≥ 1, we have
d
dt
(
Fke
2
n
∫
t
0
r(s) ds
)
=e
2
n
∫
t
0
r(s) ds
{
2(k − 1)
∫
M
(
|Sij|
2 + α(∆ϕ)2
)
e−fdv
+ 2
∫
M
(
|Sij + fij|
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
≥0,
(1.26)
which shows that Fke
2
n
∫
t
0
r(s) ds is nondecreasing along (1.23). Moreover, the
monotonicity is strict unless the metric is Ricci flat.
Remark 1.5. Choosing r = 0 and α = 2, then (1.24) reduces the formula
(1-6) in Theorem 1.1 of Li [8]. On the other hand, under the normalized
Ricci flow of Hamilton, Li in [9] also obtained a similar result as Theorem
1.10.
As in [8], for a constant k ≥ 1, we define the following Wk-functional:
Wk = τ
2
∫
M
[k(S +
n
2τ
) + |∇f |2]e−f dv. (1.27)
Under the following coupled system


∂
∂t
gij = −2(Sij −
r
n
gij),
ϕt = ∆ϕ,
ft = −∆f + |∇f |
2 − S + r
τt = 1,
(1.28)
we obtain the following results:
Theorem 1.12. Under the system (1.28) and k ≥ 1, we have
d
dt
Wk =2τ
2
{
−
r
n
Fk + (k − 1)
∫
M
(
|Sij +
1
2τ
gij |
2 + α(∆ϕ)2
)
e−fdv
+
∫
M
(
|Sij + fij +
1
2τ
gij |
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
,
(1.29)
8 GUANGYUE HUANG AND ZHI LI
or equivalently,
d
dt
Wk =2τ
2
{
r
n
(Fk − kr) +
kr
τ
+ (k − 1)
∫
M
(
|Sij +
1
2τ
gij −
r
n
gij |
2 + α(∆ϕ)2
)
e−fdv
+
∫
M
(
|Sij + fij +
1
2τ
gij −
r
n
gij |
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
.
(1.30)
As a direct application of the formula (1.29), we obtain
Corollary 1.13. Under the system (1.28) and k ≥ 1, we have
d
dt
Wk +
2r
n
τ2Fk =2τ
2
{
(k − 1)
∫
M
(
|Sij +
1
2τ
gij |
2 + α(∆ϕ)2
)
e−fdv
+
∫
M
(
|Sij + fij +
1
2τ
gij |
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
≥0.
(1.31)
Moreover, the equality in (1.31) holds if and only if the metric is Einstein.
Remark 1.6. When r = 0 and α = 2, then (1.29) reduces the formula (1-8)
in Theorem 1.3 of Li [8].
This paper is organized as follows: In Section two, we study monotonicity
formulas for eigenvalues of the operator −∆ + bS. We mainly consider
monotonicity formulas for eigenvalues of the Laplacian under the rescaled
List’s extended Ricci flow (1.3) and give some dependent lower bounds of
eigenvalues. Moreover, Theorem 1.1-Theorem 1.4 have been proved in this
part. In Section three, we deal with monotonicity formulas for eigenvalues
of the operator −∆+ bS with 0 < b ≤ 12 on compact Riemannian surfaces
and obtain some interesting results. In this part, we give proofs of Theorem
1.6-Theorem 1.8. In the last Section four, we study the first variations of
Fk-functional and Wk-functional. These functionals are very important to
study entropies corresponding to the List’s extended Ricci flow (1.2). In this
part, Theorem 1.9-Theorem 1.12 have been proved.
2. Proof of Theorem 1.1-Theorem 1.4
We first give a Lemma which will be used later.
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Lemma 2.1. Under the rescaled List’s extended Ricci flow (1.3), we have
∂
∂t
gij = 2gikgjl(Skl −
r
n
gkl), (2.1)
(dv)t = (−S + r) dv, (2.2)
St = ∆S + 2|Sij |
2 −
2r
n
S + 2α(∆ϕ)2. (2.3)
In particular, when r(t) = (
∫
M
S dv)/(
∫
M
dv) (that is, r is the average value
of S), then (2.2) shows that the volume of (M,g(t)) is a constant for all t.
Proof. It has been shown in [6](see Lemma 1.4 in [6]) that if the metric g(t)
satisfies
∂
∂t
gij = vij, (2.4)
where vij is a symmetric two tensor, then
∂
∂t
gij = −vij , (2.5)
(dv)t =
1
2
(trgv) dv (2.6)
with trgv denoting the trace of vij with respect to g, and
Rt = −∆(trgv) + g
kjgilvij,kl − g
kjgilRklvij . (2.7)
Hence, inserting vij = −2(Sij −
r
n
gij), trgv = −2(S− r) into (2.5) and (2.6),
we obtain (2.1) and (2.2), respectively.
Next, we prove (2.3). In fact, from (2.7), we have
Rt =2∆S − 2g
kjgilSij,kl + 2g
kjgilRkl(Sij −
r
n
gij)
=2∆S − 2gkjgilSij,kl + 2g
kjgil(Skl + αϕkϕl)(Sij −
r
n
gij)
=2∆S − 2gkjgilSij,kl + 2|Sij |
2 −
2r
n
S + 2αSijϕ
iϕj − α
2r
n
|∇ϕ|2.
(2.8)
By the definition of Sij and the contracted Bianchi indentity, we also have
gkjSij,k =g
kjRij,k − g
kjα(ϕiϕj),k
=
1
2
(R − α|∇ϕ|2),i − α(∆ϕ)ϕi
=
1
2
S,i − α(∆ϕ)ϕi.
(2.9)
Thus, (2.8) becomes
Rt =∆S + 2|Sij |
2 −
2r
n
S + 2αSijϕ
iϕj − α
2r
n
|∇ϕ|2 + 2α(∆ϕ)2
+ 2α〈∇∆ϕ,∇ϕ〉.
(2.10)
It follows that
St =(R− α|∇ϕ|
2)t
=∆S + 2|Sij |
2 −
2r
n
S + 2α(∆ϕ)2
(2.11)
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and the desired (2.3) follows. We complete the proof of Lemma 2.1.
Let u be the eigenfunction corresponding to eigenvalue λ of the operator
−∆+ bS, that is,
(−∆+ bS)u = λu. (2.12)
Multiplying both sides of (2.12) with u and integrating on M , we have
λ =
∫
M
(|∇u|2 + bSu2) dv. (2.13)
Using Lemma 2.1, we have
d
dt
λ =
∫
M
(2uiuj
∂
∂t
gij + 2(ut)
iui + bStu
2 + 2bSuut) dv
+
∫
M
(|∇u|2 + bSu2)(−S + r) dv
=
∫
M
(2Sijuiuj −
2r
n
|∇u|2 − 2ut∆u+ bStu
2 + 2bSuut) dv
+
∫
M
(|∇u|2 + bSu2)(−S + r) dv.
(2.14)
From (2.9) and the Stokes formula, we have
2
∫
M
Sijuiuj dv =
∫
M
(−S,iu
iu− 2Sijuiju+ 2α(∆ϕ)〈∇u,∇ϕ〉u) dv. (2.15)
On the other hand,
−
∫
M
|∇u|2S dv =
∫
M
(S∆u+ S,iu
i)u dv. (2.16)
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Inserting (2.15) and (2.16) into (2.14) yields
d
dt
λ =
∫
M
{
−
2r
n
|∇u|2 + bStu
2 − 2Sijuiju+ 2α(∆ϕ)〈∇u,∇ϕ〉u
+ 2ut(−∆u+ bSu)− Su(−∆u+ bSu) + r(|∇u|
2 + bSu2)
}
dv
=
∫
M
{
−
2r
n
|∇u|2 + bStu
2 − 2Sijuiju+ 2α(∆ϕ)〈∇u,∇ϕ〉u
+ λ2utu+ λ(−S + r)u
2
}
dv
=
∫
M
{
−
2r
n
|∇u|2 + bStu
2 − 2Sijuiju+ 2α(∆ϕ)〈∇u,∇ϕ〉u
}
+ λ
(∫
M
u2 dv
)
t
=
∫
M
{
−
2r
n
|∇u|2 + bStu
2 − 2Sijuiju+ 2α(∆ϕ)〈∇u,∇ϕ〉u
}
dv.
(2.17)
Applying (2.3) in Lemma 2.1 into (2.17) yields
d
dt
λ =
∫
M
{
−
2r
n
(|∇u|2 + bSu2) + 2b|Sij |
2u2 − 2Sijuiju+ bu
2(∆S)
+ 2bα(∆ϕ)2u2 + 2α(∆ϕ)〈∇u,∇ϕ〉u
}
dv
=−
2r
n
λ+
∫
M
{
2b|Sij |
2u2 − 2Sijuiju+ bu
2∆S
+ 2bα(∆ϕ)2u2 + 2α(∆ϕ)〈∇u,∇ϕ〉u
}
dv.
(2.18)
Using the Stokes formula again, we have
−2
∫
M
Sijuiju dv =
∫
M
(2Sij ,juiu dv + 2S
ijuiuj) dv
=
∫
M
[S,iuiu+ 2S
ijuiuj − 2α(∆ϕ)〈∇u,∇ϕ〉u] dv
=
∫
M
[
−
1
2
u2∆S + 2Sijuiuj − 2α(∆ϕ)〈∇u,∇ϕ〉u
]
dv.
(2.19)
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Therefore, (2.18) becomes
d
dt
λ =−
2r
n
λ+
∫
M
{
2b|Sij |
2u2 + 2Sijuiuj + (b−
1
2
)u2∆S + 2bα(∆ϕ)2u2
}
dv
=−
2r
n
λ+
∫
M
{
2b|Sij |
2u2 + 2Sijuiuj + 2bα(∆ϕ)
2u2
+ (2b− 1)S[(bS − λ)u2 + |∇u|2]
}
dv.
(2.20)
Hence, the following consequence follows:
Proposition 2.2. Let λ−∆+bS(t) be the eigenvalue of the operator −∆+ bS
corresponding to the normalized eigenfunction u, that is,
(−∆+ bS)u = λ−∆+bSu,
∫
M
u2 dv = 1.
Then
d
dt
λ−∆+bS =−
2r
n
λ−∆+bS +
∫
M
{
2b|Sij |
2u2 + 2Sijuiuj + 2bα(∆ϕ)
2u2
+ (2b− 1)S[(bS − λ)u2 + |∇u|2]
}
dv.
(2.21)
Proof of Theorems 1.1 and 1.2. From Proposition 2.2, it is easy to
derive Theorem 1.1 by letting b = 0 and Theorem 1.2 by letting b = 12 ,
respectively.
Next, we give the proof of Theorem 1.3 by the Lemma 2.12 in [4] (see
Page 99 in [4]).
Proof of Theorem 1.3. Using the Cauchy inequality
|Sij |
2 ≥
1
n
S2,
we obtain from (2.3)
St ≥∆S +
2
n
S2 −
2r
n
S. (2.22)
Comparing S with the corresponding solution of ODE
d
dt
x =
2
n
x2 −
2r
n
x, x(0) = Smin(0) (2.23)
gives
S(x, t) ≥ x(t) :=
Smin(0)e
−
2
n
∫
t
0
r(s)ds
1− 2
n
Smin(0)
∫ t
0
(
e−
2
n
∫
s
0
r(s˜)ds˜
)
ds
, (2.24)
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where x(t) is the solution of (2.23). In particular, when Smin(0) = 0, then
S(0) ≥ 0 and (2.24) gives
S(x, t) ≥ 0 (2.25)
for all t. The desired Theorem 1.3 is attained.
Proof of Theorem 1.4. From (2.21), we have
d
dt
(
λ−∆e
2
n
∫
t
0
r(s) ds
)
=e
2
n
∫
t
0
r(s) ds
{∫
M
(
λ−∆Su2 − S|∇u|2 + 2Sijuiuj
)
dv
}
≥e
2
n
∫
t
0
r(s) ds
{
λ−∆
∫
M
Su2 dv + (2θ − 1)
∫
M
S|∇u|2 dv
}
,
(2.26)
which shows (1) holds. On the other hand, applying (2.24) into (2.26), we
achieve
d
dt
(
λ−∆e
2
n
∫
t
0
r(s) ds
)
≥e
2
n
∫
t
0
r(s) ds
{
λ−∆x(t) + (2θ − 1)x(t)λ−∆
}
=2θe
2
n
∫
t
0
r(s) dsx(t)λ−∆,
(2.27)
which shows (2) holds.
Proof of Corollary 1.5. As in [8] of Li, using the fact Rij =
R
2 gij , we can
compute
SijV
iV j =
(R
2
gij − αϕiϕj
)
V iV j
=
R
2
|V |2 − α〈∇ϕ, V 〉2
≥
R
2
|V |2 − α|∇ϕ|2|V |2
≥
(R
2
− α|∇ϕ|2
)
|V |2,
(2.28)
where V = (V i). Since Rij ≤ ǫuiuj and ǫ ≤
2α(θ−1)
2θ−1 with θ >
1
2 , we have
(1
2
− θ
)
R+ (θ − 1)α|∇ϕ|2 ≥ 0
which is equivalent to
(R
2
− α|∇ϕ|2
)
|V |2 ≥ θS|V |2.
Therefore, we have Sij ≥ θSgij from (2.28) and the consequence (i) follows.
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On the other hand, we can check that if |∇ϕ|2gij ≥ 2ϕiϕj , then
SijV
iV j =
R
2
|V |2 − α〈∇ϕ, V 〉2
≥
R
2
|V |2 −
α
2
|∇ϕ|2|V |2
=
1
2
S|V |2
(2.29)
which shows that Sij ≥
1
2Sgij and the consequence (ii) follows. We complete
the proof of Corollary 1.5.
3. Proof of Theorem 1.6-Theorem 1.8
We first prove Theorem 1.6.
Proof of Theorem 1.6. When n = 2, we have Rij =
R
2 gij and
Sij =
R
2
gij − αϕiϕj =
1
2
(S + α|∇ϕ|2)gij − αϕiϕj . (3.1)
Hence,
|Sij|
2 =
R2
2
+ α2|∇ϕ|4 − αR|∇ϕ|2
=
1
2
S2 +
1
2
α2|∇ϕ|4
(3.2)
and (2.20) becomes
d
dt
λ =− rλ+
∫
M
{
2b|Sij |
2u2 + 2Sijuiuj + 2bα(∆ϕ)
2u2
+ (2b− 1)bS2u2 − (2b− 1)λSu2 + (2b− 1)S|∇u|2]
}
dv
=− rλ+
∫
M
{
bS2u2 + bα2|∇ϕ|4u2 + S|∇u|2 + α|∇ϕ|2|∇u|2 − 2α〈∇u,∇ϕ〉2
+ 2bα(∆ϕ)2u2 + (2b− 1)bS2u2 − (2b− 1)λSu2 + (2b− 1)S|∇u|2]
}
dv
=− rλ+
∫
M
{
2b2S2u2 − (2b− 1)λSu2 + 2bS|∇u|2
+ bα2|∇ϕ|4u2 + α|∇ϕ|2|∇u|2 − 2α〈∇u,∇ϕ〉2 + 2bα(∆ϕ)2u2]
}
dv.
(3.3)
Therefore, we obtain Theorem 1.6
Proof of Theorem 1.7. In particular, when r = 0, the rescaled List’s
extended Ricci flow (1.3) becomes the List’s extended Ricci flow (1.2) and
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(3.3) becomes
d
dt
λ =
∫
M
{
2b2S2u2 + (1− 2b)λSu2 + 2bS|∇u|2
+ bα2|∇ϕ|4u2 + α|∇ϕ|2|∇u|2 − 2α〈∇u,∇ϕ〉2 + 2bα(∆ϕ)2u2]
}
dv,
(3.4)
respectively. In particular, for r = 0, we have from (2.24)
S(x, t) ≥
Smin(0)
1− tSmin(0)
. (3.5)
Therefore, (3.4) gives
d
dt
λ ≥
∫
M
{
2b2S2u2 + (1− 2b)λSu2 + 2bS|∇u|2
}
dv
≥
∫
M
{
2b2S2u2 + (1− 2b)λSu2 +
2bSmin(0)
1− tSmin(0)
|∇u|2
}
=
∫
M
{
2b2S2u2 + (1− 2b)λSu2 +
2bSmin(0)
1− tSmin(0)
(λu2 − bSu2)
}
≥
Smin(0)
1− tSmin(0)
λ+ 2b2
∫
M
(
S2 − S
Smin(0)
1− tSmin(0)
)
u2 dv
(3.6)
Using the inequality y2 − cy ≥ −14c
2 into (3.6), we derive
d
dt
λ ≥
Smin(0)
1− tSmin(0)
λ−
b2S2min(0)
2[1 − tSmin(0)]2
, (3.7)
which shows
d
dt
{
[1− tSmin(0)]λ−
b2Smin(0)
2
ln[1− tSmin(0)]
}
≥ 0. (3.8)
Integrating both sides of (3.8) on t, we have
λ(t) ≥
1
1− tSmin(0)
λ(0) +
b2Smin(0)
2[1− tSmin(0)]
ln[1− tSmin(0)] (3.9)
and Theorem 1.7 follows.
Proof of Theorem 1.8. Note that (3.3) becomes
d
dt
λ =− rλ+
∫
M
{
2b2S2u2 + (1− 2b)λSu2 + 2bS|∇u|2
+ bα2|∇ϕ|4u2 + α|∇ϕ|2|∇u|2 − 2α〈∇u,∇ϕ〉2 + 2bα(∆ϕ)2u2]
}
dv.
(3.10)
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In particular, for n = 2, we have from (2.24)
S(x, t) ≥ x(t) :=
Smin(0)e
−
∫
t
0
r(s)ds
1− Smin(0)
∫ t
0
(
e−
∫
s
0
r(s˜)ds˜
)
ds
. (3.11)
Hence, (3.10) yields
d
dt
λ ≥− rλ+
∫
M
{
2b2S2u2 + (1− 2b)λSu2 + 2bS|∇u|2
}
dv
≥− rλ+ 2b2
∫
M
S2u2 dv + (1− 2b)λx(t) + 2bx(t)
∫
M
|∇u|2 dv
=− rλ+ 2b2
∫
M
S2u2 dv + (1− 2b)λx(t) + 2bx(t)
{
λ− b
∫
M
Su2 dv
}
=(x(t)− r)λ+ 2b2
∫
M
(S − x(t))Su2 dv
≥(x(t)− r)λ.
(3.12)
Note that λ(t) > 0. We obtain from (3.12)
d
dt
(lnλ) ≥ x(t)− r. (3.13)
We complete the proof of Theorem 1.8.
4. Proof of Theorem 1.9-Theorem 1.12
In order to derive our results, we first prove the following three lemmas:
Lemma 4.1. Under the evolution equation (1.23), we have
(e−fdv)t = (−ft − S + r)e
−fdv = −(∆e−f )dv, (4.1)
(|∇f |2)t = 2Sijf
if j −
2r
n
|∇f |2 + 2∇f∇(−∆f + |∇f |2 − S + r). (4.2)
Proof. The formula (4.1) is a direct conclusion of (2.2) in Lemma 2.1 and
ft = −∆f + |∇f |
2 − S + r. Similarly, we have
(|∇f |2)t =(g
ijfifj)t
=fifj
∂
∂t
gij + 2gij(ft)ifj
=2Sijfifj −
2r
n
|∇f |2 + 2∇f∇(−∆f + |∇f |2 − S + r)
(4.3)
and (4.2) is achieved. We complete the proof of Lemma 4.1.
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Lemma 4.2. With the help of Lemma 4.1, we have( ∫
M
S e−fdv
)
t
=
∫
M
(
2|Sij |
2 −
2r
n
S + 2α(∆ϕ)2
)
e−fdv, (4.4)
(∫
M
|∇f |2 e−fdv
)
t
=
∫
M
(
2Sijf
if j−
2r
n
|∇f |2−2∆2f−2∆S+∆|∇f |2
)
e−fdv,
(4.5)(∫
M
(|∇f |2 + S) e−fdv
)
t
=
∫
M
(
2|Sij|
2 −
2r
n
(S + |∇f |2) + 2Sijf
if j
− 2∆2f − 2∆S +∆|∇f |2 + 2α(∆ϕ)2
)
e−fdv.
(4.6)
Proof. By the Stoke formula, we can obtain (4.4) from (2.3) in Lemma 2.1.
It is easy to see that (4.5) holds from (4.2). Thus, the formula (4.6) follows
by combining (4.4) with (4.5).
Lemma 4.3. Under the rescaled List’s extended Ricci flow (1.3), we have∫
M
|fij|
2 e−fdv =
∫
M
(1
2
∆|∇f |2 −∆2f − Sijf
if j − α〈∇f,∇ϕ〉2
)
e−fdv,
(4.7)
2
∫
M
Sijfij e
−fdv =
∫
M
[2Sijf
if j −∆S + 2α(∆ϕ)〈∇f,∇ϕ〉] e−fdv, (4.8)
∫
M
|Sij + fij|
2 e−fdv =
∫
M
[|Sij |
2 + Sijf
if j +
1
2
∆|∇f |2 −∆2f −∆S
− α〈∇f,∇ϕ〉2 + 2α(∆ϕ)〈∇f,∇ϕ〉] e−fdv.
(4.9)
Proof. Multiplying both sides of the following well-known Bochner formula
with e−f
1
2
∆|∇f |2 = |fij |
2 + 2∇f∇∆f +Rijf
if j (4.10)
and integrating on it, we have∫
M
|fij |
2 e−fdv =
∫
M
(1
2
∆|∇f |2 −∆2f −Rijf
if j
)
e−fdv
=
∫
M
(1
2
∆|∇f |2 −∆2f − Sijf
if j − α〈∇f,∇ϕ〉2
)
e−fdv
(4.11)
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and (4.7) follows. On the other hand,
2
∫
M
Sijf
if j e−fdv =2
∫
M
(Sijfi),j e
−fdv
=2
∫
M
(Sij ,jfi + S
ijfij) e
−fdv.
(4.12)
Applying (4.7) into (4.12) gives
2
∫
M
Sijfifj e
−fdv =2
∫
M
(1
2
S,if
i − α(∆ϕ)ϕif
i + Sijfij
)
e−fdv
=
∫
M
[∆S − 2α(∆ϕ)〈∇f,∇ϕ〉 + 2Sijfij] e
−fdv,
(4.13)
which gives the desired formula (4.8).
By combining (4.7) with (4.8), we derive (4.9) finally.
Proof of Theorem 1.9. Applying(4.9) into (4.6), we obtain
d
dt
F =
d
dt
∫
M
(|∇f |2 + S) e−fdv
=
∫
M
(
2|Sij |
2 −
2r
n
(S + |∇f |2) + 2Sijfifj
− 2∆2f − 2∆S +∆|∇f |2 + 2α(∆ϕ)2
)
e−fdv
=
∫
M
(
−
2r
n
(|∇f |2 + S) + 2|Sij + fij|
2
+ 2α(∆ϕ)2 + 2α〈∇f,∇ϕ〉2 − 4α(∆ϕ)〈∇f,∇ϕ〉
)
e−fdv
=−
2r
n
F + 2
∫
M
(
|Sij + fij|
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv.
(4.14)
Therefore, we obtain
d
dt
Fk =
d
dt
F + (k − 1)
d
dt
∫
M
S e−fdv
=−
2r
n
Fk + 2(k − 1)
∫
M
(
|Sij|
2 + α(∆ϕ)2
)
e−fdv
+ 2
∫
M
(
|Sij + fij|
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
(4.15)
and the desired formula (1.24) is achieved.
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The formula (1.25) can be achieved by a direct computation.
Proof of Theorem 1.10. In order to prove Theorem 1.10, we fist give the
following key proposition:
Proposition 4.4. Let (Mn, g(t)) be a compact Riemannian manifold with
g(t) satisfying the rescaled List’s extended Ricci flow (1.3). We let λ(t) be
the lowest eigenvalue of the operator −4∆ + kS with k ≥ 1. If there exists
a function v = v(x, t) such that
r(t) =
∫
M
(|∇v|2 + kS) e−vdv
k
∫
M
e−vdv
, (4.16)
then the lowest eigenvalue eigenvalue λ(t) is nondecreasing under (1.3) pro-
vided r(t) ≤ 0. The monotonicity is strict unless the metric is Einstein.
Proof. Since the lowest eigenvalue of the operator −4∆ + kS on a compact
Riemannian manifold is given by
λ(g(t)) = inf
f
∫
M
Fk(g, f) e
−fdv, (4.17)
where the infimum is taken over functions satisfying
∫
M
e−fdv = 1. For the
compact Riemannian manifold, the lowest eigenvalue λ can be attained by
a smooth function u. Therefore, there exists a smooth function u such that
(−4∆ + kS)u = λu and
λ(g(t)) =
∫
M
(4|∇u|2 + kSu2)dv =
∫
M
(|∇f˜ |2 + kS) e−f˜dv (4.18)
by letting −f˜ = 2 lnu. Applying (4.18) into (1.25) gives
d
dt
λ =
2r
n
(λ− kr) + 2(k − 1)
∫
M
(
|Sij −
r
n
gij |
2 + α(∆ϕ)2
)
e−f˜dv
+ 2
∫
M
(
|Sij + f˜ij −
r
n
gij |
2 + α|∆ϕ− 〈∇f˜ ,∇ϕ〉|2
)
e−f˜dv.
(4.19)
By using the assumption (4.16), we get
kr =
∫
M
(|∇v|2 + kS) e−vdv
≥
∫
M
(|∇f˜ |2 + kS) e−f˜dv
=λ
(4.20)
which means that λ− kr ≤ 0. Therefore, if r(t) ≤ 0, then (4.19) shows that
λ(t) is nondecreasing under (1.3). The monotonicity is strict unless
Sij −
r
n
gij = 0, ∆ϕ = 0 (4.21)
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and
Sij + f˜ij −
r
n
gij = 0, ∆ϕ− 〈∇f˜ ,∇ϕ〉 = 0. (4.22)
Notice that the Riemannian manifold is compact. Hence, we have ϕ is
constant from the second equality in (4.21) or the second equality in (4.22).
Therefore, the metric g is Einstein. We complete the proof of Proposition
4.4.
Now, we are in a position to prove Theorem1.10. We note that for the
extended Hamilton normalized flow under the List’s extended Ricci flow, we
have
r(t) =
∫
M
S dv∫
M
dv
.
Choosing v = ln(Vol(Mn)) in (4.16), we derive Theorem 1.10.
Proof of Theorem 1.12. Since the W-functional is related with F by
W =τ2
∫
M
(S +
n
2τ
+ |∇f |2)e−f dv
=τ2F +
nτ
2
,
(4.23)
with the help of (1.24), we obtain
d
dt
W =τ2
d
dt
F + 2τF +
n
2
=τ2
{
−
2r
n
F + 2
∫
M
(
|Sij + fij|
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
+ 2τF +
n
2
.
(4.24)
Applying
2τ2
∫
M
|Sij + fij +
1
2τ
gij |
2 e−fdv = 2τ2
∫
M
|Sij + fij|
2 e−fdv + 2τF +
n
2
into (4.24) yields
d
dt
W =2τ2
{
−
r
n
F +
∫
M
(
|Sij + fij +
1
2τ
gij |
2
+ α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
.
(4.25)
By the definition of Wk, we know
Wk =W + (k − 1)τ
2
∫
M
Se−f dv +
(k − 1)nτ
2
. (4.26)
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Thus, we get from (4.4) and (4.25)
d
dt
Wk =
d
dt
W +
(k − 1)n
2
+ 2(k − 1)τ
∫
M
Se−f dv
+ (k − 1)τ2
(∫
M
Se−f dv
)
t
=2τ2
{
−
r
n
F +
∫
M
(
|Sij + fij +
1
2τ
gij |
2
+ α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
+
(k − 1)n
2
+ 2(k − 1)τ
∫
M
Se−f dv
+ (k − 1)τ2
∫
M
(
2|Sij |
2 −
2r
n
S + 2α(∆ϕ)2
)
e−fdv
=2τ2
{
−
r
n
Fk + (k − 1)
∫
M
(
|Sij +
1
2τ
gij |
2 + α(∆ϕ)2
)
e−fdv
+
∫
M
(
|Sij + fij +
1
2τ
gij |
2 + α|∆ϕ− 〈∇f,∇ϕ〉|2
)
e−fdv
}
,
(4.27)
and the desired formula (1.29) is attained.
The formula (1.30) can be achieved by a direct computation.
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